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We report theoretical and experimental analyses of the anomalous thermal Hall conductivity in
correlated systems. For both fermionic and bosonic excitations with nontrivial topology, we show
that at “intermediate” temperatures, the anomalous thermal Hall conductivity exhibits an unex-
pected universal scaling with a simple exponential form. At low temperatures, it behaves differently
and reflects the spectral properties of underlying excitations. Our predictions are examined as exam-
ples in two prototype compounds, the quantum paraelectric SrTiO3 and the spin-liquid compound
RuCl3. The experimental data can be largely covered by our proposed minimal phenomenological
model independent of microscopic details, revealing dominant bosonic contributions in SrTiO3 and
gapped fermionic excitations in RuCl3. Our work establishes a phenomenological link between mi-
croscopic models and experimental data and provides a unified basis for analyzing the anomalous
thermal Hall conductivity in correlated systems over a wide temperature region.
Introduction - The anomalous thermal Hall conduc-
tivity probes topologically nontrivial excitations in a cor-
related insulator. In particular, the recent observation of
“giant” anomalous thermal Hall conductivity in cuprates
[1] has stimulated intensive interest in understanding its
underlying mechanism and potential topological excita-
tions [2–6], although the issue is still highly controversial.
Previously, the anomalous thermal Hall conductivity has
also been observed in spin liquid systems such as RuCl3
but the signal is ten times smaller [7–9]. By contrast, a
twice larger effect was lately reported in SrTiO3 and at-
tributed to phonons [10]. While the cuprate experiment
has yet to be confirmed by other groups, it has posed an
urgent challenge for our theoretical understanding of this
unusual phenomena in general. Complicated microscopic
models have since been developed but involve various ad-
justing parameters that prevent straightforward compar-
isons with experiments [2–6, 11–15]. So far, all scenarios
remain preliminary and no well-established connection
has been known between existing experimental observa-
tions and theoretical proposals. From the viewpoint of
a more complete theory of the anomalous thermal Hall
conductivity, there is obviously a missing link between
microscopic models and experimental data.
To fill in this gap, we notice that, in resemblance
of the Fermi liquid theory, instead of starting with a
material-dependent Hamiltonian for individual systems,
it is possible to make minimal assumptions on underlying
fermionic or bosonic excitations and look for generic fea-
tures (similarities and differences) to be compared with
existing experiments. This allows us to identify if and
to what extent the data may be understandable without
resorting to microscopic details. As a result, we find that
the experiment can be well covered by two temperature
regions: a universal exponential scaling of the thermal
Hall conductivity at intermediate temperatures and dif-
ferent low-temperature signatures (saturation, power-law
or activation) for different types of charge neutral exci-
FIG. 1: Sketch of three temperature regions for the anomalous
thermal Hall conductivity: the low-temperature region with
saturating (const), power-law (Tα), or activation (e−∆/T ) be-
haviors that reflect different spectral properties of underly-
ing excitations; the “intermediate” temperature region with a
universal scaling of the exponential form (e−T/T0) for T ∼ D,
where D represents the characteristic energy for topologically
nontrivial excitations; the high T limit with T−γ scaling,
where γ = 1 for bosons and γ = 3 for fermions. Only the
former two regions are relevant in experiment.
2tations. Our results are summarized in Fig. 1, showing
the above two regions and a third region in the high T
limit. The latter is, however, irrelevant in experiment.
Our results are then confirmed as examples in two proto-
type compounds, the quantum paraelectric SrTiO3 and
the spin-liquid compound RuCl3, revealing their different
elementary excitations and similar universal temperature
scaling.
Theoretical analyses - Microscopic Hamiltonians
typically include complicated many-body interactions,
but their low-energy physics may often be described by
well-defined fermionic or bosonic quasiparticles such as
spinons, magnons, or phonons. For charge neutral ex-
citations with nontrivial band topology, an anomalous
thermal Hall conductivity can arise following the basic
Mott-like formula [16–20],
κxy
T
=
1
T 2
∫
(ǫ− µ)2
(
−
∂n
∂ǫ
)
σxy(ǫ)dǫ, (1)
where n(ǫ) = [eβ(ǫ−µ)± 1]−1 denote the Fermi-Dirac (+)
or Bose-Einstein (-) distribution functions and µ is the
chemical potential. For intrinsic contribution, σxy(ǫ) is
the zero-temperature Hall conductivity, which is associ-
ated with the Berry curvature through the well known
TKNN formula [21],
σxy(ǫ) =
∑
nks
Bnksθ(ǫ− Enks), (2)
where the subscripts n, k, s denote the band, crystal
momentum, and (pseudo)spin indices, respectively. Bnks
and Enks represent the corresponding Berry curvature
and quasiparticle dispersion. The exact forms of these
quantities are often complicated and depend on the de-
tails of the microscopic Hamiltonian. For extrinsic con-
tribution, σxy(ǫ) has a more complicated form but is still
related to the Berry curvature. In both cases, we may
avoid the complication and focus on generic features of
the anomalous thermal Hall conductivity by considering
the linear-in-field approximation,
σnxy(ǫ) ≈ H
∂σnxy
∂H
∣∣∣∣
H=0
≡ HB(ǫ). (3)
For spinons or magnons with a simple Zeeman coupling,
we may have B(ǫ) =
∑
nk Bnkδ(ǫ − Enk) if Bnks = sBnk
and Enks = Enk − sH with s = ±. Thus B(ǫ) represents
tentatively the effective density of the Berry curvature as
a function of energy. For phonons, B(ǫ) comes from the
linear-in-field term of the Berry curvature [18].
Evidently, κxy(T )/TH is fully determined by B(ǫ),
which is a convolution of the Berry curvature and the
carrier density of states (DOS). The latter reminds us
that the exact form of the DOS is often not essential and
the key physical properties may be obtained with sim-
ple assumptions, e.g., constant DOS for gapless fermions
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FIG. 2: The calculated κxy/TH as a function of T/D for
the fermionic model with different values of r = µ/D, show-
ing saturation for |r| < 1 and a maximum for |r| > 1 at
low temperatures. We find excellent exponential temperature
dependence at relatively higher temperatures. The dots are
numerical results from the Mott-like formula and the dashed
lines are fitting curve of a simple exponential form. The inset
shows the collapse of the calculated thermal Hall conductivity
with respect to T/T0 after proper rescaling for different r.
[22]. Following this line of thought, we make the attempt
to extend similar assumptions to B(ǫ) and examine if a
generic understanding of the thermal Hall conductivity
can be achieved without resorting to the band details. In
general, nontrivial topological effect only exists within a
finite energy window (D), out of which B(ǫ) can be safely
set to zero. We will see that this simple fact, combined
with the small magnitude of D, yields a key experimental
feature of the anomalous thermal Hall conductivity in all
correlated insulators.
We first study the case of fermionic excitations. To
simplify the discussion, we assume a flat “Berry density”,
B(ǫ) =
{
B0 −D ≤ ǫ ≤ D
0 otherwise
, (4)
where B0 is a constant and [−D,D] denotes the energy
window with nontrivial band topology. A close example
can be found in Ref. [2], which includes two spinon bands
with opposite Berry curvatures. The anomalous thermal
Hall conductivity is then given by
κxy
TH
= B0
∫ (1−r)/t
−(1+r)/t
dx
x2
cosh2 (x/2)
, (5)
where the ratio r = µ/D is the relative chemical poten-
tial and t = T/D is the dimensionless temperature. At
zero temperature, the integral can be evaluated exactly,
yielding κxy/TH = 2π
2B0/3 for |r| < 1 (gapless) and
zero for |r| > 1 (gapped). The thermal Hall conduc-
tivity with lowering temperature is therefore expected
3to saturate (|r| < 1) or diminish as e−∆/T (|r| > 1),
where ∆ ∝ (|r| − 1)D is the effective activation gap of
the fermions. In the high T limit (T ≫ D), one has
κxy/TH ∝ T
−3.
In between, for intermediate temperature of the order
of D, which is in fact most relevant in experiment, we
find a different scaling,
κxy
TH
∼ e−T/T0 , (6)
where T0 represents a temperature scale characterizing
the decay of the anomalous thermal Hall conductivity
with increasing temperature. The numerical results are
shown in Fig. 2 in comparison with the exponential fit.
A closer inspection indicates that the deviation from the
exponential fit appears also roughly below T0, which not
only marks the characteristic temperature of the univer-
sal scaling but also separates the different regions of the
thermal Hall effect. To see this more clearly, we rescale
the curves with the fitting parameters. As shown in the
inset of Fig. 2, they all collapse onto a single exponen-
tial curve above T0. The properties of κxy over a wide
temperature range are then controlled entirely by two pa-
rameters: the temperature scale T0 ∝ D and the average
Berry density B0 that determines the amplitude and sign
of the thermal Hall signal.
The anomalous thermal Hall conductivity contributed
by bosons, in particular phonons, might involve other
complicated effects. In ferroelectric insulators, extrinsic
skew scattering was proposed to govern the anomalous
thermal Hall effect [15]. In this case, the Mott-like for-
mula can still be applied to describe the temperature
gradient of phonon excitations (∂n/∂ǫ), but B(ǫ) is no
longer given by the TKNN formula and becomes an ef-
fective quantity induced by the phonon skew scattering.
For gapless bosons (acoustic phonons or magnons), the
chemical potential is zero. The bosonic B(ǫ) may be as-
sumed to take the power-law form at low energies,
B(ǫ) =
{
B0ǫ
α 0 ≤ ǫ ≤ D
0 otherwise
, (7)
where α is a constant exponent andD is the cutoff energy
that constraints the nontrivial topology of the bosonic
states. The formula then becomes,
κxy
TH
= B0T
α
∫ 1/t
0
dx
x2+α
sinh2 (x/2)
, (8)
whose temperature evolution only depends on the values
of the exponent α.
At low temperatures, this yields κxy/TH ∝ T
α,
namely, a power-law temperature dependence. The expo-
nent α can thus be measured experimentally and reflects
some information on the microscopic origin of the bosonic
excitations. Once again, at intermediate temperatures
(T ∼ D), our numerical results in Fig. 3 show similar ex-
ponential temperature dependence, e−T/T0 , for all values
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FIG. 3: The calculated κxy/TH as a function of T/D for the
bosonic model with different values of α, showing a maximum
for α > 0 at low temperatures and good exponential temper-
ature dependence at relatively higher temperatures. The dots
are numerical results and the dashed lines are the exponential
fit. As shown in the inset, all curves of different α collapse
onto a single exponential function of T/T0.
of α. With proper rescaling, as plotted in the inset of
Fig. 3, all data collapse onto a single exponential curve,
albeit with a constant offset that originates from the dif-
ference between Bose and Fermi distributions, namely,
cosh(x) → 1 and sinh(x) → x for x → 0 in their respec-
tive Mott-like formulas. Such a distinction has also a
consequence in the high T limit. For bosons, we have in-
stead κxy/TH ∝ T
−1 for T ≫ D. The separation of low
and intermediate temperature regions is also no longer
associated with T0. For gapped bosons such as optical
phonons (not shown), one expects the thermal activa-
tion behavior, e−∆/T , at low T , but similar exponential
scaling at intermediate T .
We emphasize again that the exponential scaling is not
a high T limit but an approximation for intermediate T
of the order of D. To see how it appears, we take as an
example r = 0 and rewrite the right hand side of Eq. (5)
as 2B0
∫∞
t
dye−2g(y), whose temperature derivative gives
−2B0e
−2g(t), with g(t) = 2 ln t + ln cosh(1/2t). This de-
fines an inflection point t∗ from g′′(t∗) = 0, such that for t
around t∗, or more precisely (t− t∗)2 ≪ 6|g′(t∗)/g′′′(t∗)|,
we have the expansion, e−2g(t) ≈ e−2g(t
∗)−2(t−t∗)g′(t∗) ∝
e−t/t0 , where t0 = 1/2g
′(t∗) and the higher order terms
are neglected. The integral then yields the exponential
scaling around t∗ up to a constant offset. Note that g(t)
has a maximal slope at t∗. Hence the exponential scaling
appears where κxy/TH decays most rapidly and has a
minimal t0. For r = 0, the above analysis gives t
∗ ≈ 0.49
and t0 ≈ 0.2 for the exponential temperature dependence
as shown in Fig. 2. The exponential scaling thus ap-
pears over a finite temperature window of the order of D
around the inflection point t∗D (or twice T0) but breaks
4down in the limit T/D ≫ 1 where it is replaced by a dif-
ferent scaling, κxy/TH ∝ T
−γ , with γ = 3 for fermions
and γ = 1 for bosons. The derivation can be extended
to other cases. Introducing a general but regular B(ǫ)
within the energy windowD might complicate the deriva-
tion but will not invalidate the linear-in-T approximation
on the exponent. The existence of the inflection point t∗
is a property of the intermediate temperature region con-
necting the peculiar low and high T limits of κxy/TH .
Putting together, our theoretical analyses reveal two
generic features of the anomalous thermal Hall con-
ductivity of the minimal model for both fermionic and
bosonic excitations. First, its low temperature saturat-
ing, power-law or activating behavior reflects the spec-
tral properties of underlying excitations. Second, it has
a universal exponential scaling at relatively higher (or
intermediate) temperatures (T ∼ D). This exponential
form appears over a finite temperature range above T0
where κxy is given by the thermal average of all topolog-
ical excitations within a narrow energy window (D ∝ T0).
The highest T limit (T ≫ D) is, however, often beyond
the relevant temperature range where the discrepancy
from the exponential scaling becomes irrelevant or indis-
cernible in experiment. The three different regions are
sketched in Fig. 1 and independent of the model details.
Experimental analyses - Next we examine existing
experiments in real materials RuCl3 [7–9] and SrTiO3
[10] to see if they may be understood by the minimal
model or to what extend further band details will be
needed in order to explain the data. We have also ana-
lyzed the cuprate experiment and found excellent agree-
ment (not shown).
The experimental data for SrTiO3 and RuCl3 are re-
plotted in Fig. 4. In both cases, we see good exponential
fits at higher temperatures, in excellent agreement with
the prediction of the minimal model at intermediate tem-
peratures. A couple of fitting details may reveal the dif-
ference between the two compounds. First, the exponen-
tial fit yields a negligible offset for RuCl3 but a relatively
large one for SrTiO3. Second, the deviation from the fit
appears around T0 ≈ 26 K for RuCl3 but far away from
T0 ≈ 11K for SrTiO3. At lower temperatures, κxy/T
follows the power law with α = 3 for SrTiO3, suggesting
a bosonic (phonon) B(ǫ) ∝ ǫ3 for small ǫ. This exponent
is, however, different from the general expectation for the
intrinsic Hall conductivity of acoustic phonons [18], but
is consistent with the proposal of an extrinsic skew scat-
tering mechanism [15]. For RuCl3, the low-T suppression
of κxy/T indicates gapped fermionic (spinon) excitations,
as suggested by the long-range magnetic order below 8
K. Unfortunately, we cannot fit the data with the ac-
tivation function due to the intervene of the magnetic
order. Nevertheless, it is clear that following our theory,
these differences imply that the responsive excitations are
fermionic (spinons) in RuCl3 and bosonic (phonons) in
SrTiO3, consistent with usual expectations.
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FIG. 4: Original data of the thermal Hall conductivity repro-
duced for (a) α-RuCl3 [1, 9] and (b) SrTiO3 [10]. The dots
represent the experimental data and the dashed lines denote
the theoretical fit with an exponential or power-law function.
The experimental data in both types of compounds
may therefore be well understood by our phenomenolog-
ical theory in two temperature regions. The excellent
agreement for both compounds confirm the validity of
our simple model. Since T0 ∝ D, the exponential scaling
observed below around 100 K in both compounds im-
plies that nontrivial topological excitations only have an
effect within a narrow energy window (D) of few meV.
Other microscopic details seem irrelevant in explaining
the observed temperature scaling. We should note that
a realistic system may often have several bands with dif-
ferent topological properties. Our model then approxi-
mates each band (or energy window) individually. The
total anomalous thermal Hall conductivity is the sum of
all, but its low temperature property will be dominated
solely by the one near the Fermi energy. It is easy to
see that the presence of multiple bands will not change
the generic features. On the other hand, going beyond
the free quasiparticle picture, residual many-body inter-
actions might cause a finite lifetime of the elementary
excitations and further suppress the anomalous thermal
Hall conductivity, possibly causing an even faster decay
with increasing temperature and hence a reduced T0.
The overall magnitude of the anomalous thermal Hall
conductivity can also be understood roughly from the
perspective of the minimal model. The zero tempera-
5ture limit of κxy/T reflects the Berry curvature of un-
derlying excitations at the Fermi energy, but its magni-
tude from the high temperature fit (which is the case for
most experiments) is an effect of thermal average. For
phonons as in SrTiO3, the latter might involve compli-
cated scattering mechanism and is therefore not intrin-
sic. For gapless fermions, the magnitude of κxy/T con-
tinues to increase with lowering temperature and should
eventually saturate to the order of the total Chern num-
ber of filled fermionic bands in unit of k2B/h. Cuprates
seem to belong to this category if the current experi-
ment can be confirmed [1]. For gapped fermions, the
low temperature limit is zero and there may exist both
valence and conduction bands with opposite Berry curva-
tures below/above the Fermi energy [2]. As a result, the
high temperature κxy/T could often suffer from poten-
tial cancellation of the opposite contributions of the two
bands. This might explain the relatively small magnitude
of the anomalous thermal Hall conductivity observed in
RuCl3.
Conclusions - We have explored generic properties
of the anomalous thermal Hall conductivity based on a
phenomenological approach with minimal assumptions.
Our detailed comparisons between theory and experi-
ment reveal two (experimentally relevant) distinct re-
gions of its temperature dependence: a universal expo-
nential scaling at intermediate temperature and a satu-
rating or power-law or activating behavior at lower tem-
perature that reflects the spectral properties of underly-
ing fermionic or bosonic excitations. Our observations
are confirmed in the quantum paraelectric SrTiO3 and
the spin-liquid compound RuCl3, revealing their differ-
ent elementary excitations and similar exponential tem-
perature scaling. For SrTiO3, our analysis points to a
bosonic model with a power-law exponent α = 3. For
RuCl3, it suggests gapped fermionic excitations as ex-
pected from the long-range magnetic order at lower tem-
perature. Cuprate data can also be explained by gapless
fermionic excitations despite of the uncertainty in its ori-
gin. Our work hence establishes a phenomenological link
between candidate microscopic theories and experimen-
tal data in real materials. It may be applied directly to
other materials to provide useful information for poten-
tial topological excitations and the mechanism of their
emergence and breakdown.
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